A conjecture of Benjamini and Schramm [1, Conjecture 6] asks whether the critical percolation and unique percolation are distinct in all Cayley graphs of non-amenable groups (the de nitions are given below). The aim of this note is to give a quick proof of: Theorem 1. A countable group is non-amenable if and only if there is non-unique critical percolation on its Cayley graph for some nite multiset S.
There are already known improvements to this result: A. Thom [9, Corollary 8] showed it is actually true for S a generating set. Theorem 1 was rst proved by Nagnibeda & Pak [8, Theorem 1] . The multisets they take are powers of a given generating set, see e.g. [8, Theorem 2] .
Like [8] , the idea is to show that the conductance (or isoperimetric) constant for some multiset is larger than 1/2. This implies p c < p u using the work of Benjamini & Schramm [1] . The di erence in the proof given here is a criterion of amenability due to Følner, numbered Theorem 2.4 below, which seems to have been largely forgotten 1 . The real aim of this note is to unearth it. Given this criterion (which replaces Lemma 2 of [8] ), the proof is just "connecting the dots" between known results.
The proof for Følner's criterion for actions (Theorem 4.1) is given in §4 for completeness. The work of A. Thom gives an improvement of this theorem, see §5.A below for details.
De nitions
By a nite multiset S in (some set) Y , the reader should understand a nite sequence
in Y . The abuse of notation |S| = n should not create confusion.
Given a graph G = (X, E), the Bernoulli bond percolation at parameter p is the random subgraph G[p] given by the fact that the variables Z e (taking value 1 if e ∈ G[p] and 0 else) are i.i.d. Bernouilli with parameter p. A cluster is a connected component of G [p] . Fix some 1 The author was unable to nd a single paper or book mentioning this result! root vertex x 0 ∈ X. Let θ(p) = P(x belongs to an in nite cluster in G[p]) and ζ(p) = P(there exists exactly one in nite cluster in G[p]).
De nition 1.1. Critical values for percolation are
For Cayley graphs, G is replaced by (Γ, S). Let 1 be the function taking value 1 everywhere. If Γ acts on X (on the left), the "natural" action of Γ on functions on X is the left-regular action,
De nition 1.2. The action of a countable group Γ on X is said to be amenable if there exists a linear functional m :
A group is amenable if at acts amenably on itself, i.e. X = Γ. Recall the conductance constant is
The action of Γ on functions extends to a convolution. Given
The spectral radius for S is the operator norm of convolution by the uniform probability distribution on S:
The dots
A rst important result is that Cayley graphs satisfy p c ≤ p u (e.g. see [1, Theorem 3] ). Also amenability of the group implies p c = p u (by the argument of Burton & Keane, see the remark before [1, Conjecture 6] ). Both statements generalise to almost transitive graphs. To prove Theorem 1, it su ces to show that some multiset S has p c < p u when the group is non-amenable. The rst ingredient relates conductance (or isoperimetry) and spectral radius. 
Proof of theorem 1
Putting Theorems 2.1, 2.2 and 2.3 together shows that 
This is equivalent to
In turn, this is equivalent to h(Γ, S) ≥ 1 − k.
To prove Theorem 1, just pick k < 1 − 1/2.
Proof of Følner's criterion
Let us reformulate Følner's theorem in terms of amenable actions. This will not make the proof any harder (or any di erent) than the original proof. 
The di cult part in the original proof of Følner is to show the existence of Følner sequence from the existence of an invariant mean. Given that, the proof of Theorem 2.4 (or 4.1) is not di cult. The reader is strongly advised to read the original papers of Følner [4] and [5] . It still seems to be a source of inspiration for recent work, e.g. see Cannon, Floyd & Parry's recent article [2] .
To show amenability, Følner uses a preliminary result (sometimes called the Dixmier condition). Γ has an amenable action on X if and only if for any h 1 , . . . , h n ∈ ℓ ∞ (X) and γ 1 , . . . , γ n ∈ Γ, 
It is very easy to check thatm(λf
To nish, de ne a linear functional m (with m(1) = 1) associated tom using HahnBanach's extension theorem. This m will be an invariant mean.
The classical theorem of Følner will be taken for granted. ( D ǫ,S ) Recall, for a nite multiset S and k ∈]0, 1[, the condition ∃F ⊂ X nite such that
The proof by goes contradiction: assume ( D ǫ,S ) holds (for some ǫ > 0 and some S) even though there is a k so that (I k,S ) is true for all S. Take H 0 as in ( D ǫ,S ). Let F associated to S as in (I k,S ). De ne H 1 as follows:
where 1 F is the characteristic function of F . This sum is apparently a sum on |S| |F | terms of functions with 2|F | |S| max s h s ℓ ∞ ≤ 1 and sup
However, by the choice of F , many terms in the sum cancel out: there are at most 2(1 − k)|S| |F | left after cancellations. This means that
But one can iterate this process: H 1 has the same form as H 0 (with a di erent S), so one may de ne a H 2 from H 1 in a similar manner. This implies ǫ
This contradicts ( D ǫ,S ) (for any ǫ > 0 and any multiset S). By Lemma 4.2, there is an invariant mean.
Further comments
It is straightforward to extend the above result to the following case. Let Γ be a countable group with a non-amenable action on a countable set X. If the Schreier graph of Γ acting on X is almost transitive (in the sense of Benjamini & Schramm [1, §2] , for some generating set of G) then there is a nite multiset S so that the Schreier graph for S has p c < p u . For other consequences, see also Thom's paper [9, §3.2].
5.A Thom's improvement
It is not completely clear from the proof that one may replace multisets by sets in Følner's Theorem 2.4. One could try to use the techniques A. Thom used to prove [9, Theorem 1] . In any case, one can also deduce this directly from his theorem (as was mentioned by Juschenko & Nagnibeda in [6, Remark 20] ).
Theorem 5.1. (Thom [9, Theorem 1] ) If Γ is a non-amenable group, then for all ǫ > 0 there exists a generating nite set S such that ρ(Γ, S) < ǫ.
Thus, using Theorem 2.1, if Γ is non-amenable then ∀ǫ > 0, there exists a nite generating set S with 
then Γ is amenable.
Proof. Indeed, by corollary 3.1,
This means
∃k ∈]0, 1[ such that ∀ nite generating S ⊂ Γ, (I k,S ) holds =⇒ Γ amenable.
5.B Historical notes
It is worth noting that Banach proved the extension theorem in order to show the existence of invariant means on Abelian groups. The de nition he used wasm(f ) = inf µ sup x (µ * f )(x) where the in mum runs over nitely supported probability measures on Γ. Though the proof of Følner's criterion given above mimics the original one, it can also be adapted to show that Banach's de nition also gives a semi-normm. Note that corollary 3.1 shows that h(Γ, S) ≥ 1 − k ⇐⇒ ( I k,S ). The above proof shows:
To show the existence of Følner sequences, Følner [5, §5] actually shows:
As mentioned in the introduction, Theorem 1 is due to [8] . They show that (in a nonamenable group) some multiset, obtained by taking arbitrarily large powers of some generating set has arbitrarily small spectral radius. In [6, Theorem 10, Corollary 11 and Corollary 13], this was improved to sets for a large class of non-amenable groups (e.g. those admitting a normal subgroup N ⊳ Γ with Γ/N amenable). The full generality is due to Thom in [9] .
5.C Paradoxical decompositions
The following remark is a small digression on Følner's proof that the free group is not amenable, [4, Theorem 6 ]. 
One may assume γ 1 and η 1 are the identity. The Tarski number of X (for the action of Γ), τ (X), is the minimal value of s + t for all such decompositions. Let 
